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ABSTRACT

Gravity gradiometry research and development hEnsified in recent years to the extent that
technologies providing a resolution of about 1 B&tper 1 second average shall likely soon be
available for multiple critical applications sucB matural resources exploration, oil reservoir
monitoring and defense establishment. Much of dbetent of this paper was composed a
decade ago, and only minor modifications were meqguifor the conclusions to be just as
applicable today. In this paper we demonstrate goavity gradient data can be modeled, and
show some examples of how gravity gradient databeanombined in order to extract valuable
information. In particular, this study demonstratbe importance of two gravity gradient
components,Txz and Tyz which, when processed together, can provide mui@mation on
subsurface density contrasts than that derivedysioten the vertical gravity gradienT{z).
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1. Introduction

Gravity gradients can be treated as fields of effiial accelerations between two infinitesimally
close spatial points. They can be analytically dbed using a second rank tensor known as the
tensor of gravity gradients

= % = _az—CD (1)
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Where thd andj subscripts denote one of the orthogonal Carteiandinatesy, y, z), ® is the
scalar gravitational potentiaf is a component of the gravitational field vector (9x 9y, 92),
andad/ox; is the partial derivative with respect to onelwd Cartesian coordinates (id2dx d/dy,

or d/0z). Out of the tensor’s nine components, only fweong them are totally independent due
to their geometrical symmetryfi(=Tj;, wherei #j) and the validity of the Laplace equation
outside gravitational field sources (Pedersen amghRissen, 1990).

For many gravity gradiometry applications, it i thizz component (i.e. the second vertical
derivative of the gravitational potential) of theagity gradient tensor that is the primary target a
the most informative source of information for dateerpretation even when other components
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are measured (Forsberg, 1984; Marson and KlinG8@3; Bodardt al., 1993). Despite the fact
that the FTG technology is readily available (MupR004), there are a number of gravity
gradiometer developments that are aimed at the ureaent of only one or a few gravity
gradient components followed by the post-processtage of recalculating thEzz component
from the measured ones (Whéeal., 2006; DiFrancesco, 2007)

In this paper, we shall consider two off-diagonawity gradient tensor components, namely the
Txz and Tyz components, as an alternative to ffe source of information. The primary
constraint on the direct use Bfz andTyz data as a geophysical tool is that the informatinay
contain is complicated and difficult to interpreBodard et al., 1993). Nevertheless, by
measuring just the twdxz and Tyz gravity gradient components, it is possible to geire
information about anomalous subsurface densityraetd than that contained in the vertical
gravity gradient 1z2).

The easiest way to show this is through combinedpoment modeling which makes it possible
to retrieve a level of detail equivalent or bettean that contained ifzz gradient images
(Veryaskin and Fraser, 1996). It is assumed thatrawity gradiometer capable of directly
measuring th&xz andTyz gravity gradients is also capable of producingrded time data sets
that are discussed in this study. Recently, a naledign of an absolute string gravity
gradiometer has been presented which is aimed plyna measuring simultaneously tAgez
and Tyz components from a static or mobile platform, amdihe possible data processing
algorithms described below (Veryaskin, 2000; Vekjas2003).

The aim of this paper is to demonstrate the utiitycombined gravity gradient modeling by
producing modeled gradient images of equivalernitgléo those found in other studies (Bodard
et al., 1993). To achieve this we have chosen comparmdétsity structures to those used in
other studies (buried blocks, a salt dome) anddifferent modeling approaches.

2. Combined component modeling

There are a number of ways in which the gradiempmnentsixz andTyz can be combined for
modeling. However, for the scope of this papetydalo particularly relevant techniques are
presented.

The first approach is to use the two gradient camepts to obtain the third vertical derivative of
the gravitational potential (Veryaskin and FrasE96). In this study we have modeled two
structures: buried blocks (representing a sharpe edgnsity contrast) and a salt dome
(representing an object having a regular cylindrggometry) with no “edge of model” effects.
These two structures were chosen by Bodaad., (1993), and provide a convenient baseline to
compare our calculations.

The second approach is simply to 0se and Tyz gravity gradients as andy components of a
single vector, and hence deriving its absolute e/gMeryaskin and Fraser, 1996; Matthews,
2002). This might be valuable for first order iqeatation only and so is dealt with in a separate
section using only one example: the salt dome model



2.1. Thethird vertical derivative of the gravitational potential

The third vertical derivative of the gravitationpbtential can be derived from the Laplace
equation outside any material body

T tT,+T,=0 (2)

From Eq.2 one can easily obtain
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Then, by changing the order of the derivativegigtds
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By definition, Eq.4 is invariant with respect togafar rotations in the horizontal plane. That
means thdzzz has the same value in any Cartesian coordinateraywith different orientations
of the horizontak andy axes.

Assuming that th@&xz andTyz components can be measured at spatial points

R ={x,v}i1=12, 3...N

Eq.4 can be represented in the following discretenf

T (i +)-T,(0) T (+D)-T,(i)
x(i +1) = x(i) y(i +2) - y(i)

T.0)= (5)

There are two possible modeling scenarios that el €onsider in this paper. One is two
dimensional grid modeling, representing the amainnformation contained in th&zzz. For
this type of modeling, we make the following asstions:

Firstly, that the quantitiesxz andTyz are measured in absolute units in the horizogtglane,
and that data is plotted at a constant spatial Baghmterval A covering a square area of
(N+1) x (N+1) points, where N is an integer. In practibes twould be difficult to achieve, but
data recorded in the field can be interpolated tepatially regular grid. Secondly, a single
reading station i{ j} has the coordinates; =Ai, y;=A] with i andj running from O to N.
Finally, asTxz(i, j) andTyz(i, j) gravity gradients are known or calculated at gymint in the

grid, by using Eq.5, we can generate a 2-BNMrray of data, which contains the same amount
of information as th@zzz field:

GridFiedZZZ[i, j] =T, (i, J) - T (1 +1 ))+T,(, ))-T,@, ] +D (6)



In worked examples we found a gradual drop in imelgaty as the distance between sampling
points is increased. A further contribution to ireatistortion would be the inability of the survey
platform to hold a true course. In that case, weuse the data collected along an arbitrary path
with a constant sampling ratt in the time domain. The quantity that would comtéhe
equivalent amount of information as thez field, is either Eq.5 or the following one

T,0)-T,(@+1) N T,@0)-T,(>1+1)
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(7)

whereti;1 —t; = At = const, and ¥, Vy} are the platform velocity horizontal components.

The major advantage of using the third verticaivddive of the gravitational potentidlzzz is
that it does not contain any non-inertial contribog. When in motion, a vertical gravity
gradiometer does measure the following effeclizecomponent

eff _ 7 grav 2 2
T, =T,7 +Q, +Q

whereQ, andQy are the platform angular rate horizontal compagieis their spatial derivatives
by definition are equal to zero, tAezz field is free of any motion effects. However, thame
applies to Eq.7 only if the sampling interslis infinitesimally small. Also, since Eq.6 and Eq.
contain only differential combinations ®kz andTyz, any instrument systematic errors and zero
point drift disappear as well.

It is possible to avoid the platform velocity termnsEq.7 since it can be brought to the same
form as Eq.6 (which we designate below asRhdfileFieldZZZ). Assuming the sensitivity axes
Xy andYy of the gravity gradiometer, which measufeg andTyz, are both set at the same angle
(45 degree) to the instantaneous horizontal priojecdf the velocity vector of the moving
platform (see Fig.5), one can replace Eq.7 withféllewing one

ProfileFieldZZZ[i] =T, (i) - T, (i +D) +T,(i) -T,(i +1) (8)
Consequently, in the case of the profile modelsiggle path modeling) Eq.8 is the one we will
use in this paper for the combin&kz andTyz gravity gradient components.

2.2. Single vector modeling

A gravity gradiometer, which can measure simultaisgo the Txz and Tyz gravity gradient
components in their absolute units, can provideshtrme output signal as follows

T=JT2+T2 9)

The analytical signal always has its single-valoejnitude whether the platform, which carries
the gradiometer, changes its orientation in thézbatal plane or not. This means that it is not
necessary to know the exact orientation of thel Iseasitivity Xy andYy axes of the gradiometer



with respect to any co-ordinates determined, fataince, by a GPS positioning system. The
same situation applies only to the vertical grawgtadientTzz among all the other gravity
gradient tensor components. Of course, the use & & a real time output would require a near
zero inertial environment (a stable table)Tas andTyz are subjects to angular rate and angular
acceleration contributions (Veryaskin, 2000).

3. Modds
3.1. Squaregrid modeling: buried blocks

A simple 3D buried blocks model was used in Bodaral. (1993). For ease of comparison the
same model is used in this study. The main depaftam their method of presenting the model
is the calculation of th&xz andTyz gradients used in this paper. In Bodar@l. (1993) study,
each block was made up of a large number of reatangrisms whose gravitational field is well
known in the literature in terms of gravitationatcaleration (Nagy, 1966). The total
gravitational signature was calculated as the suiomaf gravitational acceleration of each
individual prism over the volume. In this study wienplified the model by choosing a single
rectangular block to represent the entire denstptrast and by using exact analytical
expressions derived for thixz and Tyz gravity gradients above the under laying struc(ses
Appendix A to this paper).

Apart from this variation, the design of the sunaega and the geometry of the model remain the
same as Bodard al. (1993). Four square 10 ksn10 km blocks having a density contrast of
1 g/cn? were set apart diagonally at a distance equahe tiagonal size, and the shallowest
block was placed in the left upper corner of th® kfhx 110 km survey plane. The top of each
next block was set to the same elevation as thrbodf the previous upper block. As in the
original model, the vertical thickness of each kleas chosen to be 3 times its top depth, and
the shallowest block was chosen to be 100 m thitk & top elevation of 0 m (ground level).
The whole structure was then modeled using Eq#& Mathematica script run on a PowerMac
computer. A number of density plots were generaaeduming different instrument noise
specifications and different survey altitudes. Ntheo filtering, image enhancement or
integration technique were used on the raw dag set

Fig.1 shows an image of the buried blocks modekrms of the calculate@izz field, i.e. the
third vertical derivative of the gravitational potel. This is done in order to get an impression
of what information is contained in this particutita that can not be measured directly. Again,
we used the exact analytical expression derivenh ftiee Txz and Tyz gradients, obtained in
Appendix A to this paper, by analytically calcutegitheir spatial derivatives with respect to the
coordinatex andy, and then by using Eq.4.

In Fig. 2 the same model is presented in term$i@fcombinedixz and Tyz gravity gradients
(GridFiddzzZ described by Eq.6). The model calculate(i, j) and Tyzi, j) as if measured
simultaneously by a noiseless gravity gradiometdr5@ m altitude above the top surface of the
shallowest block. The spatial resolution is 1 kmgd d10x 110 data points cover the survey
plane.



As Fig.1 and Fig.2 are almost identical, this peovbat the information contained in the
combined field of thélxz and Tyz gravity gradients is equivalent to that of therdhvertical
derivative of the gravitational potential. Nonetb& other gravity gradient tensor components
would provide the same information B& andTyz ones.
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Figure. 1
The density plot of the exact field of the thirdtieal

derivative zzz) of the gravitational potential for a set
of buried square blocks. Each block has a density
contrast of 1 g/cth and measured 10 km10 km
across in total survey area of 110 kri10 km. As in
Bodard et al. (1993) paper, the blocks were placed
consecutively deeper in the earth (starting at the
surface) at diagonals to each block. The vertical
thickness of the shallowest block was 100 m wiltiist
vertical thickness of subsequent blocks was chtsen
be 3 times its top depth. ThEzz field then was
evaluated at each kilometer.

Figure. 2
The same model as in Fig. 1, only presented inderm

of the combinedTxz and Tyz gravity gradients
(GridrieldzzZ(i, j) described by Eq.6. It is assumed
that Txz(i,j) and Tyz(i,j) are measured
simultaneously by a noiseless gravity gradiometer a
150 m altitude above the top surface of the sha&iw
block. The spatial resolution is 1 km, and X1010
reading points cover the survey plane. As Fig.1 and
Fig.2 are almost identical, this proves the infaiora
contained in the combined field of tA&z and Tyz
gravity gradients is equivalent to that of the dhir
vertical derivative of the gravitational potential.

Here and further in the text the following standagdavity gradient units is used:
1 E = 1 E6tvos = 10s?.



In Fig.3 and Fig.4 noise is added to the data pteden Fig.2, as if the gradiometer measuring
Txz andTyz gravity gradients was a real device having anatp®ral noise spectral density of N
(EANHz) in both channels. It is chosen to be SHE in the case of Fig.3 and 50MHz in the
case of Fig.4. As we have said above, the spatsalution is equal to 1 km. This distance can be
covered in about 20 s by flying the gradiometeataiut 50 m/s, which approximates an average
survey flight speed. That means 20 s average tanebe applied to the raw data collected by
measuringTxz and Tyz gravity gradient components. This translates thi signal variance,
added to Fig.3, to be about 1 E, and the samegr o be about 9 E. Interestingly;Taz and

Tyz measuring gravity gradiometer with a moderateendlisor of about 50 EHz is capable of
detecting the hidden structures correspondingddthried blocks from an altitude of 150 m.

There are no gravity gradiometers yet capable bieatg 1 E resolution by measuriigz and
Tyz gravity gradients while on board an aircraft, arstap or a helicopter. However, a
resolution of less than 9 E is achievable onboalowaspeed (low turbulence) mobile carrier
(DiFrancesco, 2007).

3.2. Profile modeling: buried blocks

In this section we shall use the Eq.8 instead 06 Eghich was used in the previous section for
the grid modeling. It is assumed that a gravitydgrmeter having its local sensitivities axes
(Xg andYy) constantly kept at 45-degree angle to the inatetus horizontal projection of the
velocity vector of the carrier platform. Measureserof Txz and Tyz gravity gradient
components are taken at a constant sampling irt&twa the time domain along a single path as
depicted in Fig.5.

In a worked example, however, we shall use theedublocks model and the data collected
through a single profile as shown in Fig.6. Thefiprocrosses the second shallowest buried
block along its central horizontal line, i.e. —&& km from the origin of the survey plane. The
ProfileFieldzzZ(i) data then was calculated using Eq.8. The resghown in Fig.7.
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Figure 7 TheProfileFieldZZZ data is assumed to be collected at a shortesibpsampling

period in the time domain at 50 m/sec survey sdedg the straight line shown in Fig.6.
The survey line crosses the second shallowestdbtaek of the model under consideration.
Again, 20 s average then is applied to the datahwtorresponds to 1 km spatial resolution.

As depicted in Fig.7, despite the moderate seiitsitof the gradiometer that is assumed to be
measuring the data (50\Ez spectral noise density is considered in eachmrati}, there is a
distinct signal with sharp changes just over thengaries of the buried block target.

It is important to point out again that the shottex sampling interval, the less the influence of
platform motion on the combine@ixz and Tyz data described by EQq.8. As the information
contained in theérofileFieldZZZ is equivalent to that of the exact stafizzz field free of any
motion effects, the same should apply to Eq.8.



3.3. Squaregrid and profile modeling: salt dome

Salt domes represent geological structures of apeterest for explorers, as they can create
structural positions and seals, which capture amdain hydrocarbons, which migrate from oil-
bearing rock (Nettleton, 1976). They also act g®ad structure for modeling as they are often
circular in shape when viewed from above.

Bodardet al., (1993) used a salt dome model to map gravityigradensor components. In their
study a square 10 km10 km area was covered by 12626 points where different gravity
gradients were evaluated and the results were ghesented in the form of density plots. The
salt dome was placed in the centre of the area wgttop situated at 1 km below the ground
level. As in their previous model, the salt domesvinuilt up from a large number of 0.5 km
cubes. Gravity gradients were then evaluated bynsamall gravitational signatures produced
by the cubes. However, an “edge of model” effec$ feaind as a consequence that cubes could
not accurately represent the regular round platn@imodel. As a result of that there might be
excess values of gravity gradients from sharp baties, such as the edges of cubes.

In order to avoid this we used a modified salt domalel comprised of cylindrical disks (see
Fig.8) having different thicknesses. Once agaiaceanalytical expressions for thigz andTyz
gravity gradients in the case of an arbitrary @jfical gravitational field source were used to
represent a single disk (see Appendix B to thisegaf he total gravitational signature in Eq.5
was evaluated by a simple summation over all diske. modified model was chosen to have its
top situated at 1.5 km below the ground at thereeot a 10 knx 10 km square area and the
bottom of the lowest disk was situated at 8.5 kinwehe top of the model. An arbitrary vertical
cross section profile of the salt dome model cangbeerated by using a simple function
incorporating its largest diameter and the deptitsaiop and bottom. A table of disk thicknesses
was built up using a condition that each upper deskits radius set 25 m smaller than that of the
next deeper disk, and all these radii fit the peofhosen. A total of 100 disks were found to
represent the modified model, which was assignetialee a uniform density contrast of —
0.2 g/cm and the largest diameter of 5 km (Nettiel®76).

This approach also allows for individual densitynttast values to be assigned to each disk
enabling finer details. The result of this modelisgresented in Fig.8, which is comparable with
any vertical gravity gradientT¢z) images that can be generated under the sametioosdi
(Bodardet al., 1993).

3.4. Single vector modeling: salt dome

The salt dome model discussed above can also beiuseder to generate a density plot using

the analytical signal described by EQ.9. The cenfréhe salt dome was placed again in the

centre x=5km,y=5km) of a 10 knx 10 km square area. The analytical signal was then
evaluated at every 100 m from an altitude of 2000 he signal’s behavior across the centre of

the anomalous area along thaxis is also presented in Fig.10.
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Figure 8 A noiseless density ploG(idFieldZZZ described by Eq.6) and the composition
of the salt dome model described above. The dataewaluated at every 100 m of the
survey 10 kmx 10 km area, and the survey plane altitude is 150 m

E

Figure 9
The same model as in Fig.8 only presented in

terms of the profile signal described by EQq.8.
The survey line crosses the centre of the salt
dome.
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Figure 10 A noiseless density plot of the same model aSigm8 only presented as the
analytical signal described by Eq.9. A cross-sedidehavior of the signal is also shown
on the right-side picture above. The survey pldtieide is 2000 m.
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It can be seen that the gravitational signatureah@dsep minimum just at the centre of the model.
One can prove that both the density plot imagethadertical cross section behavior are typical
for the gravitational signal described by Eqg.9,vied that the gravitational source is a single
symmetrical 3-D body, or a cluster of similar stures, which are detected from a high altitude.
When the horizontal dimensions of an arbitrary bmhyof a cluster of such bodies) becomes of
the same order of magnitude as the altitude oktimeey plane, then the gravitational signature
of the shape is distorted by the nonlinearity ef éimalytical signal. Non-symmetrical shapes will

have more disrupted images but their gravitati@ngatures will still have minima that can be

used in first order interpretation.

4. Discussions

This paper clearly demonstrates the amount of im&bion contained in the twéxz and Tyz
gravity gradient components. On their own, neitbérthese two gradient fields looks very
informative, when compared with the field of thertical gravity gradienfTzz, as shown by
Bodardet al. (1993). However it should be evident that the cimeth component modeling with
these two gradients can show at least an equivaleaten better level of information as the
singleTzz field does.

It also should be pointed out that a recalculatbany derivatives of the gravitational potential
into the fields of their higher-order derivatives,into some other derivatives of the same order
cannot add any new information. Moreover, like gagsive filter, this procedure decreases the
total amount of information but redistributes itanwvay that might be helpful for interpretation
(While et al., 2006).

Nevertheless, the potential benefit of usifigz data derived from low order derivatives has
already been demonstrated (Sagighwval., 1983). In their study a set of first order Bougue
gravity anomalies over a deepwater subsalt prospelce Gulf of Mexico were used to calculate
the field of the third vertical derivative of theagitational potential. Th&zz field turned out to
be complicated: instead of one maximum there appeto be several. These maxima did
however coincide with the location of oil deposisilst three wells drilled near the maximum
of the Bouguer anomalies were found empty.

In this study however, we do not recalculate Tz field from any low rank derivatives. We do
combine the individually measurd@dz andTyz gradients in a way that radically redistributes th
information contained in each of the individual gmments, and that information is effectively
equal to that of contained in tiezz field. The main problem of combined component niade

is that noise increases when the individually messugravity gradient components are
combined.

The other modeling procedure described in this pégpegle vector modeling) is less dependent
on the individual gradient components being meabwith sufficient accuracy. The main reason
for this is that at high altitude an instrumensimply being used as a “likely target” detector and
is not required to map fine details. The other ridtadvantage of high altitude flying is the low

air turbulence, which allows smoother and fastevesuflights.
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So, one of the possible ways of using combined comapts data sets would therefore be a
combination of the high-altitude “single vector” mimna search, for large scale gravity
reconnaissance, followed up by a more accuratealttude FieldZZZ survey over an area of
interest.

Acknowledgements

We would like to thank Dr Ed Biegert for his comrteeon the subject of this paper made long
time ago during Gravitec’s first presentation abaference of the SEG (Denver, 1996). We also
would like to thank Dr Neil Fraser for his contrilmn at the time the paper was composed as a
preprint. Our special acknowledgement to Mr Howaedlden for his comments and
improvements he has made in the latest editiohepaper.

References

Bodard, J.M., Creer, J.G. and Asten, M.W., 1993xtN&eneration High Resolution Airborne
Gravity Reconnaissance in Oil Field ExplorationeEyy Explor. Exploit., 11(3/4), 198-234.

DiFrancesco, D., 2007. Advances and Challengeshén Development and Deployment of
Gravity Gradiometer Systems. EGM International Vébidp: Innovation in EM, Grav and Mag
Methods. Capri, Italy.

Dransfield, M.H., 1994. Airborne Gravity GradiometrPhD thesis, University of Western
Australia.

Forsberg, R., 1984. A study of terrain reductiatensity anomalies and geophysical inversion
methods in gravity field modeling. Report No.355tlé Department of Geodetic Science and
Surveying. Ohio State University, 129 p.

Klingele, E.E., Marson, I. and Kahke, H.G., 1993utdmatic interpretation of gravity
gradiometric data in two dimensions: Vertical geandi Geophys. Prosp., 39, 407-434.

Marson, I. and Kingele, E.E., 1993. Advantagessing the vertical gradient of gravity for 3-D
interpretation. Geophysics, 58, 1588-1595.

Matthews, R., 2002. Mobile Gravity Gradiometry. Phbesis, University of Western Australia.

Murphy, C.A., 2004. the Air-FT8&' airborne gravity gradiometer system. Abstractsnfrie
ASEG-PESA Airborne Gravity 2004 Workshop, 7-11.

Lockerbie, N.A., Veryaskin, A.V. and Xu, X., 199ifferential gravitational coupling between
cylindrical-symmetric, concentric test masses amébitrary gravitational source: relevance to
the STEP experiment. Classical and Quantum Gralfity2419-2430.

Nagy, D., 1996. The gravitational attraction ofight rectangular prism. Geophysics, 31, 362-
371.



13

Nettleton, L.L., 1976. Gravity and magnetics inmibspecting. McGraw-Hill, Inc., New York.

Pedersen, L.B., Rasmussen, T.M., 1990. The gratkesor of potential field anomalies: some
implications on data collection and data processingaps. Geophysics, 55, 1558-1556.

Prudnikov, A.P., Brychkov, Yu.A. and Marichev, ©1986. Integrals and Series, vols 1 and 2,
Oxford: Gordon and Breach.

Sagitov, M.U., Nazarenko, V.S. and Veryaskin, AN983. Principles and Methods of
gravitational field study. Geodeziya i Kartograghiy1, 11-19.

Veryaskin, A. and Fraser, N., 1996. On the combigredity gradient components modeling for
applied geophysics. Preprint G4-96, Gravitec Imsemts, Auckland, New Zealand.

Veryaskin, A., 2000. A novel combined gravity anégnetic gradiometer system for mobile
applications. Extended abstracts: Conference o8&#®, Calgary 2000, pp 420.

Veryaskin, A., 2003. String Gravity Gradiometer: id& Error Analysis and Applications.
Abstracts: AGU+EGS Conference, Nice, France.

While, J., Jackson, A., Smit, D. and Biegert, Q& Spectral analysis of gravity gradiometry
profiles. Geophysics, 71, 11-22.



14

Appendix A: Txzand Tyz gravity gradients above an arbitrary rectangular block

One can show (Lockerbrt al., 1993) that the gravitational potential above @amegular block
of mass density, lateral dimensionsa2x 2b and thickness (see Fig.1a) can be represented as
follows

®(R)= _GJI dke-kZdevidyv 3K =1 .DJ( IH dz,ekz}

-H-d

--ao] % foxfoya,fr o)

—a

(1A)

HereafterG is the gravitational constark,(x) is the ordinary Bessel function of the ordermd a
r is a polar 2-D radius-vector of the spatial pgity, 0}:

F=r|=J(x=x) +(y-y)

The primed integration is carried out over the waduof the block with its top situated at the
depthH below the horizontaty-plane, and the verticalaxis is chosen to go through the centre
of mass of the block.

AZ
R(X, Y, 2

Hil \R'(X.Y.2)

K 2b
———>

Figure 1a. 2a
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By differentiating Eq.2A with respect to the coaraliesz andx, one can obtain

00

T, =-Go| de dy'T dX'%Jo(kJ (x=x)2+(y-y)? )j(e‘““”’ _ gk
b—b -a
j d
b

0

= GJTdk(_

0

y [ 23,0607 + (v y'>2>j(e-k<z+H> e

(2A)

y+b
=Gajdp ! + =
y-b \/p2+(x—a)2+(z+H)2 \/p2+(x+a)2+(z+H +d)?

1 1
Jp?+(x+a)? +(z+H)? Jp2+(x—a)2+(z+H+d)2}

The last integration in Eq.2A yields

nNx=@)P (Y +b)P+(z+H)? +y+b
J(x a) +(y-b)2+(z+H)* +y-b
V@) +(y+b)° +(z+H +d)? +y+b
" o a7 (b (ze A 0 +y b (38)
i Vx*2)° +(y+b)* +(z+H)? +y+b
J(x+a) +(y-b)2+(z+H)? +y-b
iV (x-a)° +(y+b)® +(z+H +d)” +y+b
J(x a)’ +(y-b)? +(z+H +d)> +y-b

=G

where the following tabulated integrals were ugedidnikovet al., 1986)

1 yf’ p Yy +D)*+ & +y+b
JaeBt L p +£ "y e +y-b

[ dka, (kA)e™ =
0
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The same procedure for thgz field yields

V) + (y-b)® +(z+H) +x+a

T,=G
\/(x a)2+(y-b)2 +(z+H)? +x-a

. \/(x+a) +(y+b)?+(z+H+d)* +x+a
\/(x a)2+(y+h)2+(z+H +d)? +x-a

(4A)

Vet + (y+b)P+(z+ H)? +x+a
\/(x )2 +(y+b)2+(z+H)? +x-a
\/(x+a) +(y-b)? +(z+H +d)? +x+a
\/(x )2 +(y-b)2+(z+H +d)? +x-a

An arbitrary horizontal position of the block witespect to the reference frame chosen can be
taken into account in Eq.3A and Eqg.4A by the follogvcoordinate transform

X - XXo, Y - ¥YYo

where Xo and Yy are the lateral coordinates of the centre of nudsthe block. A different
approach in obtainingxz and Tyz gravity gradient components of an arbitrary prisam be
found in (Dransfield, 1994).

Appendix B: Txzand Tyz gravity gradients above a round disk

By the use of the results obtained by Lockesbial. (1993) for an arbitrary hollow cylinder, and
some tabulated integrals (Prudniketval., 1986), one can show that tigz and Tyz gravity
gradient components above a round disk of the massity g, radiusa and thicknessl can be
represented as follows

T, = X‘X°{J<H +2)% +(a+1)*((2- AK(A) - 2E(A))

(1B)

—J(H +d +2)? +(a+r)2((2—B)K(B)—ZE(B))}

T, =G0 w27 @02 (- MK (A -26(a)

(2B)

—J(H+d+2)?+(a+r)?(@2- B)K(B)—ZE(B))}

whereG is the gravitational constart is the disk top deptiE(k) andK(k) are the complete
elliptic integrals of the first and the second lendcespectively,Xo and Yy are the lateral
coordinates of the centre of mass of the disk watpect to the reference frame chosen, and the
following notations are used
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_ 4ar _ dar _ - ; —
A_(H +z)2+(a+r)2 ! B_(H +d+Z)2+(a+I‘)2 , r‘\/(x X)) +(y—Yo)




